We consider the problem of estimating multiple phases using a multi-mode interferometer. In this setting we show that while global strategies with multi-mode entanglement can lead to high precision gains, the same precision enhancements can be obtained with mode-separable states and local measurements. The crucial resource for quantum enhancement is shown to be a large number variance in the probe state, which can be obtained without any entanglement between the modes. This has important practical implications because local strategies using separable states have many advantages over global schemes using multi-mode-entangled states. Such advantages include a robustness to local estimation failure, more flexibility in the distribution of resources, and comparatively easier state preparation. We obtain our results by analyzing two different schemes: the first uses a set of interferometers, which can be used as a model for a network of quantum sensors, and the second looks at measuring a number of phases relative to a reference, which is concerned primarily with quantum imaging.
Quantum metrology has the potential to revolutionize a diverse range of fields from biological imaging [1] to navigation [2, 3] , and already plays a crucial role in enhancing the precision of gravitational wave detectors [4] . In many practical applications it is necessary to estimate multiple parameters [5] [6] [7] [8] [9] , and hence it is important to understand the potential enhancements that quantum metrology can provide in this setting [10, 11] . It has already been shown that in a multi-mode (multi-path) interferometer, measuring all phases simultaneously with a mode-entangled state can enhance the precision [10, 12] . However, in stark contrast to this, in other applications of quantum metrology multi-mode entanglement can be detrimental, such as when measuring coupled phases [13] or when loss is considered [14] . Furthermore, from a practical point of view large multi-mode-entangled states are notoriously difficult to produce and are fragile to experimental imperfections and photon losses. This warrants further investigation into the role of entanglement and global estimation strategies in multi-mode metrology.
In this paper the problem of multi-parameter estimation in the context of optical interferometry is considered. We show that while multi-mode entanglement and global estimation strategies can lead to high precision gains over standard quantum metrology protocols, the same precision enhancements can also be obtained with mode-separable states and local measurements alone. Local strategies offer a number of advantages over their global counterparts including robustness to local estimation failure, more flexibility in the distribution of resources, and more realistic methods of state preparation
FIG. 1:
The general problem under consideration consists of M optical modes with independent linear phase shifts θi, i = 1, ..., M . In optical interferometry the parameters to be estimated, φi, are given by some function of the Mdimensional vector θ, as described in the main text. For example the φi could be phase differences between arms.
[ [15] [16] [17] [18] [19] , measurement and control. Given all these advantages it is interesting to note that multi-mode entanglement is not essential in quantum enhanced optical metrology, and separable pure states with a large number variance can be shown to equal or even surpass their multi-mode-entangled counterparts.
Our results are obtained by analysing two different multi-parameter estimation schemes which cover a variety of practical applications. Firstly, we consider a collection of (possibly entangled) interferometers which can be used as a model for a network of quantum sensors or precision clocks [5] . This scheme is also relevant to applications such as gravitational wave astronomy in which multiple parameters of a gravitational wave will be measured simultaneously [6] . Secondly, we analyze a model for quantum-enhanced imaging [7] [8] [9] , introduced by Humphreys et. al. [10] , whereby many phases are measured relative to a single global reference. In both these schemes we provide mode-separable states that can surpass their multi-mode-entangled analogues, and we present phase-precision bounds which explicitly show that multi-mode entanglement is not a crucial resource for enhanced metrology.
Multi-parameter estimation -Consider the problem of estimating the general vector φ consisting of d parameters φ i , i = 1, ..., d. The precision bound on estimating each parameter φ i is given by the Cramér-Rao bound (CRB) as δφ
ii where µ is the number of repetitions of the experiment and F is the quantum Fisher information matrix (QFIM) [20, 21] . For a pure state |ψ φ which depends on φ the QFIM is defined by
where L l is the symmetric logarithmic derivative given by
|ψ φ [10, 22] . Consider the case when |ψ φ = U (φ)|ψ for some φ-independent initial probe state |ψ and U (φ) = exp(i Then it can be shown that F lm = 4Cov(Ô l ,Ô m ), where Cov(Ô l ,Ô m ) = Ô lÔm − Ô l Ô m is the covariance between the two operatorsÔ l andÔ m , and the expectation values are taken with respect to the input state |ψ (this simple QFIM formula will be applicable throughout). The variance, given by l = m, will be denoted Var(Ô l ) = Cov(Ô l ,Ô l ). The general scheme for optical multi-parameter estimation considered herein is shown in Fig. 1 . There are M optical modes with independent linear phase shifts. The unknown phase shifts are imprinted with the unitary operator U (θ) = exp(i M j=1 θ jnj ) and the problem is to estimate some number d ≤ M of independent parameters φ i which are functions of the θ j , as will become clear when we introduce specific examples below.
Parallel interferometers -The first scheme we consider is a set of parallel interferometers in which the aim is to measure the phase difference between the two arms in each interferometer, as shown in Fig. 2 . One interesting future application is in gravitational wave astronomy, which will aim to simultaneously measure a number of parameters associated with gravitational waves, such as polarisation and direction of origin, and to do so will require multiple interferometers [6] . This scheme can also model quantum sensing networks such as networks of precision clocks, as proposed in [5] . This parallel interferometers model is a special case of the scheme in Fig. 1 for an even number of modes M = 2d, where specifically we take the i th interferometer to consist of modes 2i − 1 and 2i (i = 1, . . . , d). The aim is to estimate the d parameters . . . . . . .
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FIG. 2:
A network of quantum sensors may be modelled as d parallel interferometers. The parameters to be measured are the phase differences in each interferometer.
, where the generating operators areÔ i ± = (n 2i−1 ±n 2i )/2. Hence, although the estimation is only of d parameters, the relevant QFIM is for the 2d-dimensional φ and has the form
, where the two ± signs may be chosen independently.
This estimation problem has a symmetry between the interferometers and, furthermore, there is a symmetry between the arms in each interferometer as neither plays a special role. We therefore consider states that are symmetric with respect to swapping interferometer labelling, and symmetric with respect to swapping the modes in each interferometer. Using the shorthand C i,j ≡ Cov(n i ,n j ) and V i ≡ Var(n i ), these symmetry assumptions imply that the variances of all the modes are equal, i.e., V i = V j for all i and j and this value may be denoted V . Furthermore, they imply that the covariances between any two modes from the same interferometer are equal, i.e. C 2i−1,2i = C 2j−1,2j for all i and j and this value may be denoted C Intra . Given these natural symmetries it can be shown (see Appendix A) that the precision bound for estimating each parameter φ i is given by
In the literature a single phase-precision parameter δΦ = It is instructive to rewrite Eq. (2) in terms of the Mandel Q parameter and the two-mode correlation parameter J ij , which are defined by Q i = (V i −n i )/n i and J ij = C i,j / V i V j respectively. We denote the Mandel-Q parameter for any mode by Q (all modes have the same Q), and the two-mode correlation between the two modes in any of the interferometers by J , where J = C Intra /V . Then for all i the phase precision is given by:
wheren is the average number of particles in any single mode (i.e.n =n i = n i for any i). For single-parameter estimation this was shown in Ref. [24] . This may also be rewritten in terms of the average total photon numberN usingN = 2dn. The 2-mode correlation term is bounded by −1 ≤ J ≤ 1 and hence only provides at most a factor of 1/ √ 2 improvement in the phase precision. We now compare local and global phase estimation strategies with examples of both multi-mode-entangled and mode-separable states. If we consider each interferometer individually, the standard quantum-enhanced precision is the well-known Heisenberg scaling of δφ
where this precision for each individual phase has been now written in terms of the total photon numberN used to measure all of the phases. Consider a generalised entangled coherent state (GECS) given by
) is the displacement operator acting on mode a, M is the set of M = 2d modes, |0 is the multi-mode vacuum state and N g is a normalisation factor required due to the non-zero overlap of a coherent state with the vacuum. We find
2 ) is the total average number in the GECS and the approximation uses N g ≈ |α g | 2 which holds for |α g | 1. This is a scal-
) which is an O(d) improvement over the expected quantum enhancement. This suggests that contrary to the evidence of Eq. (3), a global strategy does provide an improvement over the local estimation strategy. However, a more optimal implemenation using a local strategy can do just as well or even better as we will now see.
Consider a multi-mode but mode-separable unbalanced cat state (UCS), given by |Ψ ucs = N c (|α c + ν|0 ) ⊗2d where ν is a real parameter and again N c is the normalisation. We find that [10] , which is relevant for a range of applications, including quantum enhanced imaging [7] [8] [9] . This is again a special case of Fig. 1 for M = d + 1 modes, whereby the aim is to estimate the d dimensional vector parameter φ where φ i = θ i − θ d+1 . For simplicity (and following Humphreys et. al. [10] ) we set θ d+1 = 0 in which case the generator of φ i is simplyn i , and therefore F ij = 4Cov(n i ,n j ). As in the case of the parallel interferometers, there is a clear symmetry to this problem, and in this case it is natural to assume symmetry between the d probe modes (but not necessarily between the reference mode and the others). This implies that V i = V j for all i and j, which is denoted V , and that C i,j = C m,n for all i = j and m = n, which we denote by C. Using this assumption, it is shown in Appendix B that the precision bound for estimating each parameter φ i is given by
Again, the QFIM can be expressed in terms of the Mandel-Q parameter of any mode and the two-mode correlation J = C/V , which gives a phase-precision of
wheren is the average photon number in a single mode and the function f (d, J ) is given by
When there are many interferometers (d 1) then f (d, J ) ≈ 1, and hence the phase precision has a very similar form to that for the parallel interferometers case given in Eq. (3). As always, |J | ≤ 1 and hence as before multimode correlations can only provide a small constant factor improvement.
In order to explore this further and to understand the relationship to previous work [10, 23] , examples are now considered. Humphreys et. al. [10] introduced the generalised NOON state (GNS), given by where the real parameter γ is a weighting on the reference mode to be optimised. For each phase, the precision bound is δφ
, which is optimised for γ = d 1/4 but for which the simpler choice of γ = 1 provides the same scaling enhancement. The optimal case gives δφ
2 . This is an O(d) enhancement over the expected quantum enhancement [10] (separate NOON states give a precision δφ
2 ) which again suggests that a global strategy does provide an improvement over the local estimation strategy. However, a collection of single-mode unbalanced 'NO' (UNO) states |ψ uno = N uno (|N + ν|0 ) may again be used to equal or surpass this phase estimation precision by tuning ν. Choosing ν = 1 returns the same scaling as using separate NOON states. However, if we take ν = d + γ 2 − 1, or simply ν ∝ √ d, then we obtain exactly the same precision scaling enhancement as the global estimation strategy with the GNS. Furthermore, the multi-mode correlations in the GNS die off with increasing d,
. It is now clear that, for quantum-enhanced optical multi-parameter estimation, the essential property required of a pure probe state is large correlations within each mode, and this can be obtained without multimode entanglement. The cause of the apparent scaling improvement for the global strategy is that the GNS exhibits the scaling Q = O(dn) = O(N ) rather than Q = O(n), i.e. the uncertainty in the photon number of each mode grows with the number of modes d, for fixed n. However, the Q function is simply a local property of each mode, and the desired scaling can also be obtained by a judicious choice of a single-mode state.
Generally, for any path-symmetric pure state of M modes |Ψ , consider a pure single-mode state |ψ(Ψ) = ∞ n=0 | n|Ψ ||n , with n|Ψ taken with respect to any mode. Then, by construction, |Ψ and the M -modeseparable state |ψ ⊗M contain the same average number of photons and for any mode Q(|Ψ ) = Q(|ψ ⊗M ). Hence the phase-precision as a function ofn (in either scenario considered herein) for a general multi-mode state exhibits at most a small constant factor (at best √ 2) improvement over the separable analogue. This argument applies to any global estimation strategy, and hence to the extension of Ref. [10] by Liu et. al. [23] to quantum imaging with a generalised entangled coherent state (GECS).
Discussion -We have shown that in optical multiparameter estimation there is no fundamental improvement in using a global strategy to estimate all of the parameters simultaneously. Local strategies are just as effective, and this has important practical implications because local estimation strategies, which use separable states and local measurements, have a number of advantages. For example, local strategies have greater flexibility in the distribution of resources and are more robust to local estimation failure and errors in state preparation. Furthermore, single mode states with a large number variance can be made in experiments [15] [16] [17] [18] , and realistic schemes have been proposed to produce separable states which improve over the shot noise limit by more than a factor of 4 [19] . By comparison, multi-modeentangled states with large photon numbers are notoriously difficult to make -the largest two-mode optical NOON state that has been made experimentally contains only 5 photons [25] .
We note that the QFI alone is not always a reliable method for deriving precision scaling bounds that are truly attainable in practice, and a proper consideration of the prior information and the required number of experimental repetitions is needed. Indeed, states with arbitrarily large QFI for a fixed number of photons have been reported in the literature [26] , and this effect is relevant here. A further discussion of this is given in Appendix C. However, the precision scaling with photon number is often not of direct relevance in an experiment, and a more relevant measure is the absolute precision that can be obtained given an allowed total photon number through the interferometer [4, 27, 28] . Our results here still imply that there is no good reason to attempt a global estimation strategy to achieve an improved absolute precision, and local strategies are preferred. As already noted, there are a range of practical states which improve on the absolute precision of NOON states [15, 19] , and these are candidates for the multi-parameter paradigm using a local estimation strategy considered herein.
To conclude, we have considered the problem of multi-parameter estimation in optical interferometry, and shown that local estimation strategies using separable states can surpass the precision enhancements attained by global estimation using multi-mode entanglement. These results hold for quantum sensing, in which a number of phases are measured relative to a reference, and also for a set of parallel interferometers, which can serve as a model for a network of sensors. Local strategies offer many practical advantages over their global counterparts, including flexibility, practicality and control, and therefore should be considered as the preferred method for multi-parameter estimation.
We begin with the quantum Fisher information matrix (QFIM) equation from the main text:
whereÔ i ± = (n 2i−1 ±n 2i )/2 and consider simplification under the assumption that the input state is symmetric both between and inside interferometers. As interferometer i consists of modes 2i − 1 and 2i, these assumptions imply that
using the short-hand introduced in the main text that C i,j ≡ Cov(n i ,n j ) and V i ≡ Var(n i ). These equalities state that the covariances between any two modes from the same interferometer are equal and the variances of all the modes are equal. An implication of the symmetry assumptions is that C 2i−1,j = C 2m−1,n whenever j = 2i − 1, 2i and n = 2m − 1, 2m (as a covariance is symmetric this covers all remaining cases), and this value may be denoted C Inter as it represents any correlations between interferometers. Note that total path symmetry can be enforced by letting C Intra = C Inter , but there is no need to make this assumption (and it is not automatically sensible given the symmetry of the problem). The QFI is now simplified under these assumptions. The elements of the QFI matrix can be expanded to
where the subscripts p and q on the ± symbols are used to explicitly denote that these may be taken to be + or − independently, and the subscripts show how they match together. Using the assumptions above it is easily confirmed that
The final terms for i = j are all equal and given by
Consider then i = j. We have that
Hence, all of the diagonal terms are one of two values given by
Finally, it is clear that F i ± i ∓ = 0. Hence, combining all of these terms into the QFIM gives
where I is the d × d identity matrix and M = λ(I + ωI) where λ = 2(V + C Intra − 2C Inter ), ω = 2C Inter /(V + C Intra − 2C Inter ) and I is the d × d matrix of all ones. The inverse of any matrix with the form of M is given by
as may be easily confirmed directly by noting that I 2 = dI. However, we are not actually interested in these terms (the parameters of interest are φ i ≡ φ 
This gives the phase precision bound for the terms of interest (the φ i ) to be
as stated in the main text. Note that this is independent of d and as required it agrees with the single parameter (i.e., single-interferometer) estimation case (d = 1), e.g., see Ref. [15] .
Appendix B: Phase precision derivation for quantum imaging
We begin with the QFIM from the main text F ij = 4Cov(n i ,n j ) = 4C i,j . The assumption of path-symmetry between the d (probe) modes, as stated in the main text, implies that V i = V j for all i and j, which is denoted V , and that C i,j = C m,n for all i = j and m = n, which we denote by C. Then it immediately follows that F ii = 4V for all i and F ij = 4C for all i = j. Hence the QFI matrix may be written in the form
where again I and I are the d × d matrix of all ones and the identity respectively. The inverse of such a matrix is given in Eq. (10) , and using this formula we have
This then implies that for all i, the phase precision bound for φ i is
.
as stated in the main text. Note that for the single parameter estimation case (d = 1) this reduces to 1/4V as expected.
